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ABSTRACT. Inspired by the paper [4], we continue the study
of the notion of selective separability which was introduced
by Scheepers in [8]. It is shown that separable Fréchet spaces
are selectively separable and that it is consistent that the
product of such spaces need not be. We also introduce a
notion stronger than selectively separable and, motivated by
the questions in [4], consider these properties in countable
dense subsets of uncountable powers.

1. INTRODUCTION

The notion of selective separability (or SS) was introduced by
Marion Scheepers [8] and is defined in Definition 2.1. Particu-
larly notable is the naturalness of the SS notion in function spaces
with the pointwise convergence topology, namely Cp(X) for metric
spaces X. For a space X, Cpy(X) is the subspace of RX consisting
of the continuous functions on X (i.e., C'(X) with the topology of
pointwise convergence). We will let C,(X,2) be the subspace of
Cp(X) consisting of the 2-valued functions. Since such spaces are
dense in the product space 2%, it is also natural to consider other
countable dense subsets of such powers.
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Many interesting results and questions were presented in the
paper [4] and we consider some of them here. We show that ev-
ery separable Fréchet space is SS. We prove that there is a dense
subspace of 2% which is SS. We exploit the connections found in
[8, 4] between the Menger Property of a space X and selective
separability of C},(X). For several of our results we require extra
set-theoretic hypotheses. Using MA bl we establish that the prod-
uct of two countable SS spaces may not be SS and that there is a
maximal regular SS space. We seem to require CH to prove that
the product of two countable Fréchet spaces may not be SS. We
show that adding Sacks reals can destroy SS property. We study a
stronger notion called SS™ and show that SS does not imply SS™T.

The assumption MA e is the statement that the well-known
statement of Martin’s Axiom holds for countable posets (rather
than necessarily all ccc posets). This is equivalent to the statement
that the real line cannot be covered by a family of fewer than ¢
many nowhere dense sets and is known to imply that the domi-
nating number 0 is ¢. The bounding number b is the minimum
cardinality of a subset of w* which has no mod finite upper bound.
The pseudointersection number, p, is the minimum cardinality of a
free filter base on w for which there is no infinite set which is mod
finite contained in each member of the filter.

2. ON SELECTIVE SEPARABILITY

Let us start this section with the definition of selective separa-
bility of a topological space X.

Definition 2.1. [8] A space X is called selectively separable (or
SS) if for each sequence {D,}, of dense sets, there is a selection
{E) € [Dy]=*}new with dense union.

Now we have some results concerning m-weight of a space and its
relation with selective separability. Before citing those results let
us recall the definition.

Definition 2.2. Let (X, 7) be a topological space. A family { C 7
is a m-base of X if for each U € 7, thereis a B € ( such that B C U.

The cardinal 7w(X) (called the m-weight of X) is the minimal
cardinality of a m-base of the space X. The following pair of results
are already known.
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Proposition 2.3. [4] Fach space with countable w-weight is selec-
tively separable.

Proposition 2.4. [8] Fach countable space with w-weight < 0 is
selectively separable.

Proof. Let us fix a sequence of indexed dense sets {D,, = {d(n,) :
|l € w}:n € w}. Fix a m-base U of cardinality less than d. For
each U € U there is a function fyy € w® satisfying, for each n € w,
Un{d(n,t): ¢ < fu(n)} # 0. Since | & |< D, there is a function g €
w* such that fiy £* g for all U. Now let E,, = {d(n,l) : 1 < g(n)}.
Then it is easy to check that, for each U € U, U N E,, # () for all
such n such that fy(n) < g(n), and so UNJ,, Ey, is not empty. [

A space is said to be crowded if it has no isolated points. For
convenience we will often assume that the spaces under discussion
are crowded. Spaces which are not crowded are easily handled by
the following observation.

Lemma 2.5. A space X 1s SS if and only if the set I of isolated
points is countable and X \ I is SS.

We recall, and generalize, the notion of countable fan-tightness.

Definition 2.6. A space X has countable (dense) fan-tightness at
z € X, if for each sequence (of dense sets) {Y,,},, with z € N, Yn,
there is a selection {W,, € [V,]<¥ : n € w} such that x € |, W,.
A space X has countable (dense) fan-tightness if it has countable
(dense) fan-tightness at each point z € X.

It is immediate that each SS space has countable dense fan-
tightness, but it is useful to make note of the partial converse.

Lemma 2.7. For a space X, the following conditions are equiva-
lent:

(1) X is SS,

(2) X is separable and has countable dense fan-tightness,

(3) X has countable dense fan-tightness at each point of some
countable dense subset.
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Proof. 1t suffices to prove that condition 3 implies condition 1. We
may assume that the space X is crowded. Let {4, : n € w} be a
partition of w into infinite sets. Let D = {d, : n € w} be a dense
subset of X such that X has countable dense fan-tightness at each
d € D. Let {D, : n € w} be a sequence of dense subsets of X.
Now for each n € w and for each k € A,, we use countable fan-
tightness to select {F}’ : n € w,k € A,} so that dn, € ey, F1-

Since X = {d,, : n € w} and {d,, : n € w} C U, Ugecn, FY'» we have
X = U, Uren, 7 =

One of our main results shows the surprising connection between
the Fréchet property and selective separability. Let us recall the
definition of a Fréchet space:

Definition 2.8. A space is called Fréchet if it is the case that a
point is in the closure of a subset of X iff there is a sequence from
the set converging to that point.

Theorem 2.9. Each separable Fréchet space is selectively separa-
ble.

Proof. We may assume that the space X is crowded. Let D be the
postulated countable dense subset of X and let d € D. By Lemma
2.7, it suffices to show that X has countable dense fan-tightness at
(each point) d (of D). Since d € X \ {d} there exists a sequence
{dp, : m € w} C X \ {d} which converges to d. Let {D,, : n € w} be
a family of dense subsets of X. If we replace each D,, by |J;.,, Dk,
we may assume that the sequence {D, : n € w} is descending.
For all n, d, € D,, which implies that there exists a sequence
Sy, € D,, which converges to d,. Now we observe that d € |J,, Sy,
and, therefore, we can select a sequence Sq C J,, S, such that
Sq — d. Now for all n € w, SgN.S, is finite since Sy and S,, converge
to distinct points. Let F,, = S4N S, which is a finite subset of D,,.
Now Sq =, Fr and d € Sg, which implies d € U,, Frn- Therefore,
by Lemma 2.7, X is selectively separable. O

We present the following example because it seems to us to be a
very natural example of a countable space with minimal 7w-weight
(namely ) which fails to be selectively separable. An example
using Cp(X) theory was given in [4].
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Example 2.10. Consider the box topology on the countable power
(w + 1)“ where w + 1 is the usual compact ordinal topology. Let
S={felw+1)¥:(3n) f(k) =wiff k>n}.

Let D, = {f € S: f(k) # wVk < n}. It is easily seen that D,
is a dense subset of S which is moreover open. We will show that
the sequence {D,, : n € w} is a witness to the fact that S is not
SS. Assume that F,, € [D,]<¥ for each n € w. Define a function
h € w¥ so that f(n) < h(n) for each f € F,,. Now the basic open
set ey [h(k),w] in O(w+ 1) does meet S but it is clearly disjoint
from (J,, F;,. Therefore S is not selectively separable.

To show 7mw(S) = 0, let D C w* be a dominating family of
functions of cardinality 0. Then the basic open sets are of the
form: W(ta f) = Hi<dom(t) {t(Z)} X Hizdom(t) [f(z),w], t € ws¥ and
f € w¥. For any open U(s, g) we can take W (s, f) C U(s, g) where
f dominates g, f € D. Let k <0, then for {f, : @ < k}, Jg such
that | {n : fa(n) < g(n)} |= w. Then U, ¢ W (0, g), which shows
that {U, : @ < Kk}, k < 0 is not a m-base. Therefore mw(S) = 0.

The elegant and natural connections between properties of a
space X and the selective separability of its function space Cp(X)
was discovered in [8] and explored further in [4]. The connection is
the Menger Property.

Definition 2.11. A space X has the Menger Property (or is
Menger) if for each sequence {U,, }, of open covers, there is a selec-
tion {W,, € [Up]|<“}, such that {J,, (UW,) is a cover.

For example, any o-compact space, such as R or 2“, has the
Menger Property but it is known that w* ~ R\ Q does not.

Theorem 2.12. [8, 4] For a space X, Cp(X) is selectively separable
if and only if Cp(X) is separable and X™ is Menger for each n € w.

The following theorem is due to Arhangelskii.

Theorem 2.13. [1] X" is Menger for each n if and only if Cp(X)
has countable fan tightness.

We shall need one direction of the above result, so we include a
proof for the reader’s convenience.

Proposition 2.14. If a space X has the property that X™ is Menger
for each n, then Cp(X) has countable fan tightness.
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Proof. Since Cp,(X) is homogeneous, it suffices to show that C,(X)
has countable fan-tightness at the constant zero function 0. Let
{Dy,}» be the sequence of sets each with the constant 0 function
as a Cp(X)-limit. For each n, let U,, be the collection of open sets

11
{(dil(—ﬁ,ﬁ))k :d € Dp,k < n}. We show that U, contains an

open cover of X* for each k < n. Fix any k < n and (2;);<) €
XF. Since 0 is a limit of D, there exists a d € D,, such that
11
d(x;) € (——, —) for each i < k. This, in turn, means that (x;);< €
n'n
11
(d=*(—==, =))* which is a member of U,,. Thus it follows that U,
n’'n
contains an open cover of X*. Applying the Menger Property (for
XF for each k and open covers {U, : k < n € w}) we can select
E, € [D,]=¥ for each n so that the finite subcollection W, of U,
we get from the elements d € E,, yields a cover of each X*. In
fact, we can, and do, ensure that for each k < n, the collection
Ungm W, contains a cover of X*. To show that 0 is a limit of
U, En, let us fix any &, {z; : i < k} C X and n > k. Now we
11
E,, such that e(x;) € (——, —) for ¢ < k. Since
n’'n
(i)i<k is covered by the collection |, ,, Wi, we get one such e in
Ungm E,. ]

These next results, also from [4], reveal some of the interesting
behavior of SS in products and subspaces.

need an e € |J

n<m

Corollary 2.15. 2° has a dense selectively separable subspace,
namely Cp(2¥,2).

Proof. Countable fan-tightness is easily seen to be hereditary and

Cp(2%,2) is separable. Therefore it is SS. It is well-known that

Cp(2¢,2) is dense in 22°. O
Similarly we have the existence of a countable dense non-SS sub-

space.

Corollary 2.16. 2 has a countable dense non-selectively separable

subspace, namely Cp(w®, 2).

Let us mention here that G. Gruenhage [7] has established the
non-trivial fact that a finite union of SS spaces is again SS. On
the other hand, it is interesting to note that the union of the two
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countable dense subsets of the product space 2°¢ results in a count-
able space which is not SS and yet which has a dense SS subset.
Certainly a countable discrete space is SS, hence the continuous
image of an SS space need not be SS. A more revealing example
of this is to consider a dense copy, X, of the irrationals in 2*, and
to observe that {f [ X : f € Cp(2*,2)} is a continuous image (by
the projection map from 2% onto 2%X) of the SS space Cp(2v,2)
which is itself not SS (we omit the proof). Similarly, as noted in
[4], the non-SS space Cp(w®,2) has a countable dense SS subspace
consisting of those functions which are continous with respect to a
coarser (compact Hausdorff) topology on w”.

The following result was shown to hold for countable w-weight
in [4].

Theorem 2.17. If X and Y are both countable, selectively separa-
ble and mw(Y) < b, then X XY is selectively separable.

Proof. Let {B, : @ < k} where kK < b be a m-base for Y. Let
{Di, = {djm : m € w} : k € w} be the countable sequence of dense
subsets of X xY. Let m, and 7, be the natural projection onto the
spaces X and Y respectively. Now the set G = m,[Dy N (X X By)]
is dense in X. Since X is selectively separable, there is a selection
F C Dy, (k € w) so that 7, [F'] C G and|J 7. [F'] = X. Since F
is finite, 3fo (k) € wso that F C {dj m : m < fo(k)}. Therefore we
have a sequence {f, : @ < Kk} where f, : w — w. Since k < b, there
exists a function f € w® such that Vo < k, fo <* f. Let us define
F, = {dk,m tm < f(k)} C Dy. We claim that UkEw F,=XxY.
Let us choose a basic open set U x B, of X x Y, then 4l € w
such that Vi > [, f(i) > fo(i). Since U NYIL,"FY # 0, there
exists a z € F, such that m,(2) € U N7, [Fy], which implies that
z € F, N (U x By). Therefore | J Fy, is dense in X x Y. O

Another of our main results is to confirm the conjecture in [4]
that SS is not productive in general.

Theorem 2.18. (MAithie) There exists two countable SS spaces
whose product is not SS.

Proof. Let us consider the set Q = {¢; : i € w} with the standard
zero-dimensional topology generated by a countable base B) = Bé
of clopen sets. Let 7§ and 7 denote the topologies so generated.
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Obviously (Q, 7)) and (Q, 73) are SS. We will enlarge our topology
in such a way that the product space Q x Q will not be SS. Let
{E, : n € w} be a countable family of dense sets in Q x Q such
that E, hits every row and column in a singleton set, in fact for
any ¢ € Q, | E, N [({g} x Q) U (Q x {q})] |< 1. Moreover we
ensure that for each ¢ € Q, there is at most one integer n such that
E,N[({q} x Q) U (Q x {q})] is non-empty. In order to ensure the
product is not SS, we let {(F)¥ : n € w) : a € ¢} be an enumeration
of all selections {F,, € [E,]<¥ : n € w}. Let {Sy : @ € ¢} be a
listing of all the countable subsets of ¢ so that for each o, S, C a.
Of course the family {Y, = {g; : i € Sa Nw} : @ € c and S, C w}
is also a listing of P(Q).
By induction on « € ¢, we define families (Bg 1B < ), <B[1_3 :

B <), <Dg : B < a), and <Dé : B < a) so that, for each i € 2 and
p<v<a,

(1) l’)’é C B;,

(2) Bj has cardinality at most |3 + w| and is a base of clopen

sets for a topology, Té, on Q,
(3) {Dé : & < B} is a family subsets of Q which are dense in
the Té topology,
(4) for each n, E, is dense in the product topology Tg X Té, and

U, F? is not dense in the product Tg X 771,

(5) if Sp C w and Yz is dense in (Q,Té), then D% =Yg,

(6) if Sp is infinite and not contained in w, then there is a
sequence {Eé € [Dé]<‘” : € € Sg} such that DfB = Uges. E’E

To complete the o = 0 stage of the induction, we may let DY =
D} be any dense subset of Q (with the usual topology). Now we
assume that a > 0. If  is a limit and i € 2, then B!, = Us<a B%.
If o is a successor, we define B2 and B} below.

The choices of DY and D} do not depend on whether or not «
is a limit. If S, is finite, then D! = D} for each i € 2. If S, is a
subset of w, then, independently for i € 2, we set D!, = Y, if Y,
is dense in 77, and otherwise, let D! = Dj. If S, is infinite and is
not a subset of w, then, again independently for i € 2, we let D,
be any 7.-dense set satisfying the last condition. Such a set exists
since 7¢ is SS because of Lemma 2.4 and, by the hypothesis of the
theorem, 0 = c.
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Finally, in the case that & = 8 + 1 we consider the construction
of BY, B! in order to satisfy condition 2. We will choose two sets A
and A; such that (Ag x A1) N (U, FS) = 0. Then B, is the topology
generated by B% U{4;,Q\ 4;}.

Let us consider the countable poset,

(2.1) P ={{aj,bj)j<m € [
(Vj <M — 1) (aj < @j4+1 and bj < bj+1),

and ({Qaj}j<M X {ij}j<M) N UF'r? = ¢} .

We will define a family of fewer than ¢ many dense subsets of P
and, applying MA ple, select a generic filter G meeting that family
of dense sets. Given such a G, we let Ag = {q € Q: (I(a;,b;)j<nm €
G) q < {qai 1 < M}} and Ay = {q eQ: (El(aj,bj)j<M S G) q <
fa, J < M}}.

We must define dense sets to ensure that each E; remains dense
which requires considering all combinations from {Ag,Q \ Ag} X
{A41,Q\ A}

For each B, B’ € Bg X Bé let

(22) D, B,B') = {{a;,bj)j<m € P: (3 < M —4)
(4aj+qv;) € EeN (B x B')
(3 € (aj,a541)) (G q;,,) € EeN (B x B')
(Fi € (bjs1,bj42)) (dayyns @) € E¢N (B x B')
(i € (aj42,a513),7" € (bj42,bj13)) (41, qv) € EeN (B x B)} .

The special properties of the family {Fj : k& € w} ensure that
each D(¢,n,B,B’) is a dense subset of P. To see this, fix any
p = (a;,bj)j<m € P. For each j < M, there are at most four points
in Ey which have qq; or gy, in one of their coordinates. Let Ej be
E, minus these at most 4M many points. Since Ey is 7 x 71-dense,
there is a (qay,, qby,) € (Ep \ FJY) N (B x B'). Furthermore, since
(an7QbM) € Ey, it follows that ({qdzw qu} xQ)U(Q x {an7qu})
is disjoint from Ej, for all k # £. Therefore it follows that (a;, b;)i<nmr
is an extension of p in P. Similarly, repeat this process and choose
pairs (aa+j,bary;) € ErN (B x B') (for j < 6) with exactly the
same requirements (so as to ensure no intersection with J,, F}).
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The desired extension ¢ of p which is in the set D(¢,n, B, B’) is
(a,b%) j<r+a where

(1) @} = a; and b; = b; for j < M,

(2) @hrpq = an42 and by = barga,

(3) ahyio = anrt2 and by, o = barys,

(4) ahyy3 = anrts and by 5 = barys.

By suitably skipping members of (a;, b;);<n+6 we have ensured
that each of the conditions in D(¢,n, B, B") are met by one of the
pairs (a;,b;) (M <i< M +6).

Next, to show that each of Dg and D% for v < a remain dense,
we define
(2.3) D(v,B,B") ={{a;,bj)j<m € P: (Ij < M—1)(3i, )

such that {gi,qq;} C D,OY N B, {qi, ;.. } C D}Y NnB,
i € (aj,a541) and @' € (bj, bj41)} -
By a similar but easier argument as above, one can show that
D(v, B, B’) is a dense subset of P.

This completes the inductive construction of the topologies 7
70 and 7! = 7!, The family {E, : n € w} is a family of dense
subsets of the product space, and by condition 2, it is a witness to
the fact that the product is not SS. Condition 5 ensures that, for
each £ € 2, {fo .y € ¢} lists all 7%-dense sets. Finally, condition 6

ensures that 7¢ is SS. O

0:

Let us remark that we have learned that the above result has been
established independently by Bella and Gruenhage. In addition,
L. Babinkostova has a stronger result from CH, namely that there
are spaces X, Y such that C,(X) and C,(Y") are SS but the product
is not.

In light of the fact that separable Fréchet spaces are SS, it is
natural to wonder if the SS property is productive if the factors are
Fréchet. We will show, this time from the continuum hypothesis,
that it is not. Although it is a stronger topological statement than
2.18, we include both proofs since the set-theoretic assumption is
stronger and the ZFC questions remain open (see 5). Before getting
to the Fréchet product question, we turn our attention to maximal
spaces and will use one of the methods from these results for the
Fréchet result.
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Again motivated by the results in [4], we turn our attention to
maximal spaces. A space is said to be mazximal if it is crowded and
it has no strictly finer crowded topology. We restrict our interest to
maximal spaces which are also regular. Let us recall van Douwen’s
well-known result that there are regular maximal spaces. One can
deduce more from his proof.

Proposition 2.19. [5] For any countable crowded regular space X,
there is a stronger regular topology on X which contains a dense
subspace D which is a maximal space.

The following result was proven from the hypothesis that 9 = w;
in [4].

Theorem 2.20. There is a countable mazximal space which is not
selectively separable.

Proof. Let us start with the countable non-SS subspace S C
O(w+ 1) as discussed in Example 2.10. Apply Proposition 2.19 to
expand the topology (on a dense subspace) D to a maximal regular
topology. We check that D cannot be SS. Of course D maps conti-
nously into a dense subset of S. Although a non-SS space can have
a preimage which is SS, the reason that does not happen in this
example is that the dense subsets, { Dy, }new, of S from 2.10 which
witness that S is not SS are dense open sets. It follows then that
the sequence {D N Dy, } e are also dense in the maximal topology.
The fact that there is no appropriate dense selection of finite sets
for D follows easily from the fact that no such selection exists for
the coarser topology on S. g

The next two results establish that the existence of a maximal
SS space is independent of ZFC.

Theorem 2.21. [t is consistent with ZFC that there is no maximal
SS space.

Proof. Assume that X is a maximal crowded SS space and assume
that w is a dense subset. Let F be the filter of dense open subsets of
w. Since X is a maximal space, every dense subset of X is open (see
[5]), hence F is also the (free) filter of dense subsets of w. Since X
is SS, it follows easily then that F is a P-filter in the (usual) sense
that if {F}, : n € w} C F, then there is an F' € F, such that F'\ F,
is finite for all n. Such an F' can be chosen simply by applying
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the SS property applied to the descending sequence of dense sets
{Fon---NF, :n € w}. In addition, since X is maximal (and every
dense set is open), if I € F* (i.e., INF # ) for all F € §) then
its complement is not dense, hence I must have interior in X. In
BN terminology, we have shown that F gives rise to a ccc P-set in
w*. That is, the subset K = ({F* : F' € F} is a P-set in w* which
has the ccc (in fact, it is separable). To finish the proof, we note
that it was shown in [6] that it is consistent that there are no such
P-sets. g

Theorem 2.22. (MAp1e) There ezists a mazimal SS space.

Proof. Let us start with w endowed with a crowded metric topology,
let 79 be the countable base of clopen sets. Let {Dy : a < ¢} be
the listing of all dense 7g-dense sets. Suppose that at stage a we
have a zero-dimensional topology 7, such that for each a < ¢ the
following conditions are satisfied,

(1) If B < a then 75 C 7.
(2) If B < a and Dg is dense in 73,they remain dense in 7,.
(3) For 8 < «, By is either open or it has an isolated point in

TB+1-

At stage o, along with 7, we also have the listing {Ds : 5 € a}
of dense subsets. If we are given a countable S, € [a]“, hence a
list {Dp, : n € w} = {Dg: B € Sa}, we use MAp1e to pick a
new countable dense set D, such that D, can be expressed as a
countable union of finite sets selected from each D,. This ensures
Selective separability. Now to ensure maximality, if we are given
any B, C w, we first assume that B, is not currently open, then
there is some b, € B, which is also in the closure of w \ B, in
Ta. Let Do =int(By) U (w \ By) - which is of course dense. Now
we use MAcple to partition D, = J,, D(a, n) into dense sets. Also
let {b(a,n) : n € w} be the listing of complement of D,. By
assumption, b(a,n) € D(a,n)\ Ba for all n. Now let us define a
countable family of disjoint sets, for each n and 0,1 U(a,n,0) =
D(a,n)Nint(By) and U(a,n, 1) = {b(a,n) }UD(cr,n)\ By. Now we
add them to our topology 7, to get to 7441 and see that U(a,n,1)N
B, = {(ba)}. So b, becomes an isolated point of B,. O
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It will be useful to extract the following lemma from the previous
proof. However we need a strengthening of it for use with Fréchet
spaces. This also necessitates a strengthing of the set-theoretic
assumption beyond MA ipie-

Lemma 2.23. If X is a countable crowded space of weight less than
p, D C P(X) is a family of almost disjoint converging sequences
of X, |D] < p, and S C X has dense complement and is almost
disjoint from each member of D, then there is an expansion of the
topology obtained by adding countably many (crowded) clopen sets,
in which S is a closed nowhere dense set, and each member of D is
again a converging sequence.

Proof. Fix any countable subcollection B of clopen subsets of X
which separates points (and assume that B is closed under the
operations of complements and finite unions and intersections). We
have the set S which is almost disjoint from each D € D and
what we want to do is to introduce new clopen sets which will
preserve that each D € D is converging, and which will ensure that
S is closed and discrete. If S is finite there is nothing to do, so
let S = {s; : i € w} (a faithful enumeration). The plan, like in
Theorem 2.22, is to produce countably many disjoint dense subsets
of X. The difficulty is to ensure that the members of D are not
split.

Define a poset P by p € P if there is an n, € w and a finite
sequence {A? : i < np} such that these sets are pairwise disjoint,
and for each i < nyp, s; € A is a compact subset of {s;} UX \ S
which satisfies that for some finite set /' C X, there is a finite set
D' C D such that AY\ F=JD'\ F.

We define p < ¢ if ng < np and for each i < ng, A7 C A?. We
show below that P is o-centered, from which we deduce that we
can find “generic” filters that meet any collection of fewer than p
dense sets. In particular, we see easily that for each D € D and
z€X,{pe€P:(3ij<nyrec Al and D\ A]| < w} is dense.
Furthermore, for each non-empty open U C X and each ¢ € w, the
set {p € P: AP NU # 0} is dense. Given a filter G C P meeting
each of these dense sets, we define A; = [J{A? : p € G} and observe
that A; will be dense and meet S at the point s;. Furthermore, the
family {A; : i € w} will be a partition of X. It follows easily that
the topology we obtain by adding each {4;, X'\ A;} to the base will
be as desired. It remains only to show that P is o-centered.
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Given any p € P, we may choose a finite sequence {BY : i < n,}
of pairwise disjoint members of B so that A? C BY for each i < n,.
If p, g € P are such that n, = n, and BY = B! for each i < n,, then
it is easy to see that r = {A? U A? : i < n,} is a common extension
which is again separated by the same sequence {BY : i < np}.
Clearly then the poset P is o-centered. O

Theorem 2.24. (CH) There exists two countable Fréchet spaces
whose product may not even be SS.

Proof. Let us start with w as our base set and a standard countable
base 79 = gg of clopen sets for a zero-dimensional crowded topology
on w. Choose the sequence {E, : n € w} C w? just as we did in
Theorem 2.18. Let 7wy and 7, denote the two coordinate projections
on w X w. For asetY C w, define E(Y,0) = mo[(w x Y)NU,, Enl
and E(Y,1) = m[(Y xw)NJ,, En). Fix an enumeration {(zq, Sa) :
a € wi} for w x [w]*. We inductively choose countable bases 73,05
for crowded 0-dimensional topologies on w. We also inductively
choose families {Yg : f < a} and {Zg : f < a} of converging
sequences with respect to the 7, and o, topologies, respectively.
For convenience we assume that lim(Yg) € Yg and lim(Zg) € Z3
for each 8 < « (the limits are uniquely determined by the 79 = oy
topology). Let {(F¥ : n € w) : a € w1} be an enumeration of all
selections {F), € [E,]<% :n € w}.

Suppose that at stage o < wp of our induction the following
conditions are satisfied for v < 8 < a:

(1) 74 C 78 and o C og are countable bases on w,
(2) for each n, E, is dense in the product topology 73 x og, and
U,, F is not dense in the product 75 x o,
(3) Y, is a 7g-converging sequence, E(Yy,1) is og closed dis-
crete, and if x, is a 7g-limit of S,, then for some { < 7,
Ye N S, is infinite and lim(Y,) = x,,
(4) Z, is a og-converging sequence, E(Z,,0) is 73 closed dis-
crete, and if x, is a og-limit of S, then for some § < 7,
Z, N S, is infinite and lim(Z,) = x,
(5) each of the families {Y; : £ < B} and {Z : £ < B} are
almost disjoint.
If o is a limit, then 7, = Uﬂ<a7'5, O = U5<a0',3, and all
the inductive conditions are preserved. For the successor stage,
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i.e., « = 41, we define 7, and o, as follows. We have the sequence
{F, =Ff :necw} € [E,<“. Our plan is to first choose new clopen
sets A to be added to 7, and B to be added to o, with the property
that A x B is disjoint from each Fi,.

We will define A and B by a countable induction. Let {& : k €
w} be an enumeration of a. Let {U; : j € w} enumerate a clopen
base for 73 x 0g. Finally, let {(ix,ji) : k¥ € w} enumerate w X w.
For each n € w, we define 1p-closed sets A, A, , By, B,, , so that

(1) for k <n, Ay, C An, A, C A, By, C By, and B, C B,

(2) nCc A,UA, and n C B,UB,,

(3) A,NnA, =0, B,NB, =0,

(4) each of A,, and A, is, mod finite, equal to a finite union of
members of {Yg, : k € w} and, for each k < n, Yg, is, mod
finite, contained in one of A,, A,

(5) each of B, and B;, is, mod finite, equal to a finite union of
members of {Z¢, : k € w} and, for each k < n, Zg, is, mod
finite, contained in one of B, B, ,

(6) Ap x By, is disjoint from | J, Fy,

(7) each product from {A,,A;} x {By, B, } meets E;, NUj,
for each k < n.

To start the induction, we can let each of Ag, Ay, By, and By
be empty. Assume that n € w and we have chosen the sets A,,
A, , By, and B, satisfying the inductive conditions. Each of the
conditions are preserved if we add the singleton n to A,, providing
n ¢ Ap, and similarly add n to B, if n ¢ B,. With this possible
change then we may assume that n+1 is a subset of each of A4, UA,
and B, UDB, . We begin by considering the last inductive condition.
Since E({¢} UY¢,1) and E({¢} U Z¢,0) are nowhere dense in o3 and
75 respectively (for all £ € w and £ € «), it follows that the set

(A, U A, UE(B,,0)) xw) U (w x (B, UB, UE(A,,1)))

is a nowhere dense set in the topology 73 x 0. Since E;, \ Fj, is
dense, we can choose a point (a2,b2) € U;, N E;, \ F;, which is
not in that product. Consider any point (a?,b) for b € B,. Since
ad ¢ E(By,0), it follows that (a%,b) ¢ E, for all £ € w. Similarly,
for all @ € A,, (a,b0) ¢ E, for all £ € w. In addition, the family
{Ey : £ € w} are pairwise disjoint, hence (A, U{a2}) x (B, U{t})
is digjoint from F} for all £. It is routine to recursively repeat this
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process to similarly choose points {(a’,b}) : i < 4} C E;, NUj,
(so that each of {a?, : i < 4} and {b’, : i < 4} have four elements).
It will then follow that (A, U {a%,al}) x (B, U {b2,b2}) will be
disjoint from J, Fy (and of course that each of (A4, U {a%,ab}) N
(4, U{aZ,an}) and (B, U{D),b7}) N (B, U {by, by }) are empty).

We next consider the converging sequence Y, with limit y,.
Since E((nU B, U B, U{b}, : i < 4}),0) is closed discrete, there
is an integer m,, so that Y \ m, is disjoint from E((n U B, U
B, U{b, :i < 4}),0). If y, € A, U{a al}, then we define
Angt = A U {a,al} U (Ve, \ ma) and Ay, = A U {a2,ad).
Otherwise, y, ¢ A, U{a2,al}, and we set A1 = A, U {ad, al}
and A, | = A, U{a?, a3} U{yn}U(Ye, \my). We have maintained
the requirements that A1 x (B, U{b2,b2}) is disjoint from F for
all £. We proceed similarly with Z¢, and z, = lim(Z,). There is
an integer m;, so that Zg, \ mj, is disjoint from E((nU Ap41),1). If
zn € B U{b2, b2}, then we define By, 11 = B, U{b0,b2}U(Ze, \m),)

and B, ; = B, U{b},, b }. Otherwise, z, ¢ B,U{b}), b3}, and we set

n»-n n»-n

Bpy1 = By U{by, by} and B, = By U{by,, b3} U{zn}U(Zg, \my,).
We have maintained the requirements that A, 1 X Byt is disjoint
from Fj for all £. It should be clear that A, 1, Bpy1, 4,1, and
B, ., meet all the inductive requirements. Let A = (J,, A, and
B =, By (hence w\ A =, A4, and w\ B =, B;,). We
generate new topologies from 73 U {A,w \ A} and o3 U {B,w \ B}
which we will temporarily denote by 7/, and o/,. Of course we have
ensured that A x B is disjoint from |J, Fy and we have preserved
that each Ey is dense in 7/, X oJ,.

Now we define Y3 and take care to ensure that F(Y}p, 1) is closed
discrete in o,. Before starting, we select countably many o7, con-
verging sequences to temporarily add to the collection {Z¢ : £ < §}
so that for each ¢ € w and each (n,m) € w X w, there is a sequence,
T(¢,n,m), in this collection, and a function from T'(¢,n,m) into Fy
so that the range converges to (n,m). Now choose Y3 so as to be
almost disjoint from each member of {Y : £ € 8}, and to be a se-
quence which 7),-converges to xg and, if possible, is contained in Sg.
By a simple inductive thinning out process of Y3, we can addition-
ally ensure that 7'(¢,n,m) \ E(Y3,1) is infinite for each £,n,m € w
(which uses the fact that E({y},1) is finite (even a singleton) for
each y € w). Now we apply Lemma 2.23 to expand the countable
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base o/, to a countable base o, so as to ensure E(Yj3,1) is closed
discrete and while preserving that each member of the collection
{Z¢ : £ € BU{T(,n,m)\ E(Ys,1) : {,n,m € w} remains con-
verging. The existence of the converging sequences T'(¢,n,m) and
the fact that 7/, is not changing, ensures that each E, is dense in
7/, X 04. Next, working with the topologies 7/, and o,, we repeat
the process to suitably choose a o, converging Z, (satisfying con-
dition 4) so that by expanding 7/, to a countable base 75, F(Z4,0)
is closed discrete. This completes the inductive construction. [

It is established in [4] that it is independent of the usual axioms
that 2! has a dense non-selectively separable subspace. On the
other hand, the following result answers a natural question posed
in [4]. One should recall, as noted above, that one cannot conclude
that the projection of an SS subspace of 2¢ will remain SS.

Theorem 2.25. 2“! does have a dense SS subspace.

Proof. If b > wy then every countable subset of 2“! is selectively
separable. Otherwise, let Y = {f, : @ € b} C w*¥ be <*-unbounded
family of increasing functions. Let Q@ = {¢q € (w + 1)¥ : ¢ is mono-
tone and is eventually equal to w}.

Now we make use the following result from [2].

Proposition 2.26. X = Q UY has all the finite powers Menger.

Again for the reader’s convenience, we include the proof. Let us
define basic open sets in the product space (w + 1):

[s:n]={feX:sC f and f(|s|) >n} C (w+1)*

where s € w<¥ and n € w.

We prove by induction on m that X™ is Menger. Given a se-
quence (Uy,), of open covers of X™ by basic open sets, we may
assume that each basic open subset of a member of U, is also in
U,. Now let us define g(¢) by recursion on ¢. Given [ = mk? and
i such that I +1i < m(k + 1)3, so that g(I +4)(i < mk) has been
defined, set n = g(I + i+ 1) large enough so that for each sequence
{s;:5<m} C(g(I +i)<F) the set [sg:n] X [s1:n] X ... X [Sm_1 :
n] € Uy (and is added to Wj). Such a value for n exists, since
we are just asking for a member of Uy which contains the point
(xj : j < m) where for j < m, x; is the unique member of @) extend-
ing s; such that z;(|s;|) = w. Let g(k) = g(m(k + 1)3) for each k.
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Let us assume that f,, £ g and let ap < a1 < ... < 1 < b.
Now fix any k so that g(mk?) < g(k) < fae(k) < ... < fa,,_1 (k).
For each ¢ < mk and j < m, there is a minimal 8; C fa; | k such
that faj(|s§\) > n; = (mk3 + ). It follows that {53 tj <m} C

(g(mk?® +4))<F and that [s}) : niy1] x [s] @ niya] X .. X [3371—1' :
nit1] € Wi. Given such an i, if (fa;)j<m is not in [s{ : ni41] x [s] :

i+1
J
is strictly bigger than the domain of sé As this can only happen
at most mk times, there is an i < mk such that (fa;)j<m is in
[s8 s miga] X [s§ i mip1] X ... x [84,_1 : nis1] € Wi. The same argu-
ment shows that any rearrangement of the order of the elements in
(fa;) € X™ will be covered by a member this choice for Wy.

If follows therefore that we are able to choose the sequence (W,,),,
to be a cover of (X \ {fg: 5 < ag})™. It is rather immediate that
a Lindelof space which is the union of fewer than b many Menger
subspaces is again Menger. Therefore if follows by induction on m,
that the complement in X™ of (X \ {fz : 8 < agp})™ is Menger.
This completes the proof that X™ is Menger.

Thus Cp(X,2) is a selectively separable subspace of 2°. O

Nit1) X ... X [st 1 niq1], then for some j < m, the domain of s

3. REsuLTs oN SST

Let us introduce an interesting game with the essence of selective
separablity.

Definition 3.1. (1) A space has the property SST, if player
IT has the winning strategy for the obvious game: player
I picks a dense set D, ; player II picks a finite E, C D,.
Player II wins if | J,, Ey, is dense.
(2) A space X has strategic countable fan-tightness at a point
x € X if player II has a winning strategy for the following
game: player I picks a set A, such that = € A,; player 1I
picks a finite F, C A,. Player II wins if x is in the closure

of U,, En.
Clearly each SS™ space is separable and SS.

Lemma 3.2. Any crowded SS* space has an uncountable almost
disjoint family of dense subsets; thus no mazimal space is SST.
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Proof. Let D be the collection of all dense subsets of a space which
is SST and assume, for convenience, that w is a dense subset. Fix a
winning stragegy o for Player II; i.e., ¢ is a function with domain
U,, D", and for D € dom(c) and D € D, (D, D) € [D]<“. Since
we are assuming that the space is crowded, it follows that Dy, = w\k
is dense for any k € w. Let Jy = 0 and, recursively define for n € w,

Tni1 = 1+max | o (D, )icm) : ko <+ < km, for m,km < Jn} .

Notice that if I is any infinite subset of w, then Dy = |J,,c;[/n, Jn+1)
contains the union of the responses of ¢ for the run of the game
given by the dense sets {Dj, : n € I'}. Therefore Dy is dense. [

We record the following observation.
Proposition 3.3. Fach space with countable w-weight is SST.

The following theorem shows an important result about SS and
SSt.

Theorem 3.4. SS does not imply SS.

Proof. We consider the space X = QU{f,: a < b} C (w+1)“ from
Proposition 2.26. Let S = {f |x: f € Cp((w+1)“,2)} which is SS.
We claim that S is not SS*. To prove this, let D be the collection
of all dense subsets of X. Assume that o is a strategy for Player II,
i.e., for each sequence {Dgy, D1,...,D,} C D, 0(Dy, D1,...,Dy) €
[D,,]<¥. Let us fix a sequence D = {Dy,D1,...,Dp_1} C D and
set K5 = pep (Udea(ﬁ,D) d_1(1)> where the closure is taken in
(w4 1)~.

For each y € (w+ 1)“\ X theset Dy ={de S:y &d (1)} is
dense in S. To see this let us fix any finite partial function s from X
into 2 which defines a basic clopen set [s] = {d € S : s C d}. Since
Cp((w +1)¥,2) is dense in 2@+D” there is an f € Cp((w + 1)¥,2)
such that s C f and f(y) = 0. It follows that d = f |x is in D,,
hence [s] N D, is non-empty. The set K 5 is a compact subset of X,
hence it is countable.

Now let us fix a countable M < Hy for § = 2°" such that o, X,
and D are in M. Let z € X \ M. If D € M N [D]<“ then, since it is
countable, Kp C XN M. Therefore there is some D’ € D such that
x ¢ Udea(ﬁ,D') d=1(1). Since o(D,D’) is simply a finite subset of
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D, there is some D* € DN M so that o(D, D*) = o(D, D’). From
this it follows that we may inductively choose a play of the game
{Do, D1,...} C DN M such that for all D,, = {Dg, D1,...,Dp},x &
Ud@(f)n) d~1(1). Now we have ensured that if d € E,, = o(D,,) for

any n, then d(z) = 0. Then |J,, £, is not dense in S, since it misses
the clopen set {d € S : d(z) = 1}. Therefore o is not a winning
strategy, which shows that S is not SST. g

It is natural to consider which dense subsets of 2“1 are SST and
which are not. The following result provides an interesting insight
from MActble-

Theorem 3.5. (MAiple) If w < k < ¢ and D is a countable dense
subset of 2%, then D is not SST.

Proof. Let B be the Boolean algebra generated by {d=1(0) : d €
D} C P(k). Now since D is dense, B separates points. Let us
identify x as (the fixed ultrafilters) X C S(B) where S(B) is the
Stone space generated by B. With this identification, we can view
D as a countable dense subset of C},(X,2); but we may also view
members of D as continuous functions on all of S(B) because they
do have uniquely defined continuous extensions. For all y € S(B)
we ask if D, = {d:y € d=1(0)} is dense in D or not. If not then
there is finite partial function 7, : X — 2 so that the corresponding
basic open set [1,]NCp(X,2) is disjoint from Dy, i.e., d D 7, implies
d(y) = 1. Now given a finite partial function 7 : X — 2, let
Y:={y:7=m7}.

Let us assume that for some compact crowded set K C S(B),
we have that X N'Y; N K is infinite. If so then dx € Y, N K, = &
dom(7), so we can find d D 7 such that d € D and d~1(0) is a
neighbourhood of z, i.e., d(z) = 0, which implies that d=1(0) N Y,
is non-empty. Let y € d~}(0) NY,. Then d D 7 = 7, implies
d(y) = 0 and d(y) = 1 - a contradiction. It follows then that for
each 7, Y; N X is countable.

Since there are only x many such functions 7, we can conclude
from MA tple that there exists uncountably many y € S(B)\ X such
that y ¢ Y, for all 7. For each such y we note that the corresponding
set D, is dense.
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Now let D be the collection of all dense subsets of C),(X,2) and
assume that o is a strategy for Player II, i.e., for each sequence
<D0, Dq,..., Dn> C D, U(<D0, Dq,..., Dn>) S [Dn]<w. Consider a
sequence D= (Do, D1,...,Dp—1) C D and set,

=N U 7

DeD \deo(D,D)
We showed above that K5 N X is countable. Now let us again

fix a countable M < Hy where 6 = 27" where o, X, kK, and D
are in M. Let z € X \ M. Since it is countable, if D € M, then
(XN Kp) € XN M. Arguing as in the proof of Theorem 3.4,
there is a play of the game {Dg, D1,...} C DN M such that for all
D, = {Dy,Ds,....,D,},x & Udea(ﬁn) d=10). Ifd € E, = o(Dy)
for any n, then d(xz) = 1. Then |J,, Ey is not dense in S, since it
misses the clopen set {d € D : d(z) = 0}. Therefore ¢ is not a
winning strategy, which shows that S is not SS*. O

We noted in the previous section that if X has countable dense
fan tightness, then C,(X) is SS. Here is a similar result for SST.

Theorem 3.6. If X is o-compact and metrizable, then Cy(X) has
strategic countable fan-tightness at each point.

Proof. Let us assume that X = Uge, Xk, where each Xj is com-
pact. We describe a strategy for player II in showing that Cp(X)
has strategic countable fan-tightness at 0, the constant 0 function.

Given an integer k and a set Dy C Cp(X) which has 0 function

as a Cy(X)-limit. Let Uy — {(d_l(f%,%))k . d € D). Let

H € (Xk)k Since 0 is a limit of D,,, there exists a d € D,, such
11
that d(H) C (—%, E) Therefore it follows that U contains an

open cover of (X;)*. Since (X})* is compact, player II can select
E} € [Dg]<¥ so that the finite subcollection Wy, of Uy we get from
E}, yields a cover of (Xj)F.

At the end of the game, to show that player II's strategy is
winning we must show that 0 is a limit of |J, Ej. Let us fix any
k, {z; :i <k} C X and n > k. Now we need an e € |J,, £y such

11
that e(z;) € (_E’ ﬁ) for i < k. We are free to make n larger and
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to add elements to {z; : i < k}, so we may assume that kK = n and
that {z; : i < k} C X,,. Therefore it follows that there is an e as
required in F,,. O

It is routine to generalize Lemma 2.7 to obtain the following.

Corollary 3.7. If X is o-compact and metrizable, then Cp(X) is
SST.

Our next example shows that it is consistent that Fréchet does
not imply SS*.

Example 3.8. Let X C 2% be such that w; < |X| <p. Let D =
Cp(2¢,2) Then D' = D | X C Cp(X) and wt(D') < |X| <p <D
which says it is SS and with the similar argument in Theorem 3.4
shows that it is not SST, whereas the space is Fréchet since it has
countable tightness (indeed it is countable) and character less than

p.

We end this section by observing that, in contrast to Theorem
3.5, the space 2° contains countable dense SS™ subspace, namely
Cp(2¥,2).

4. FORCING AND SELECTIVE SEPARABILITY

We have seen that if S C 2", and we force k < 0, then S becomes
SS. Also if S is a countable dense in Cp(X,2), where X = QU
{fa : @ € b}, then S is SS. Hence any forcing which preserves the
value of b (more precisely preserving that the unbounded families
of functions remain unbounded) will preserve that S is SS.

Here we can ask a question: Can we force to destroy selective
separability? The answer to this question is an immediate conse-
quence of the following result of A. Miller.

Theorem 4.1. [Miller] If x is Sacks generic over V, then in Vx|
the set VN 2% does not have the Menger Property.

Proof. Let us define Q = {T C 2<% infinite : Vo,7(c C 7 € T —
7 € T)}. Note that @ is a closed subspace of P(2<%) (when iden-
tified as a subspace of 22°°) and is homeomorphic to 2¢.

Given the Sacks real x € 2¥ and n € w, we define in Vx| an
open cover of QNV by Un,m) ={T € Q:xm¢T or |{{ <m:
{(x]0)70,(x1)"1}CcT| >n+2}.
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A Sacks real has the property that it is not a member of any
ground model closed set which does not contain a perfect set. This
implies that for each T' € @ N'V such that x[m € T for all m, then
the set {¢ : {(x[¢)70, (x[¢)"1} C T} is infinite. Therefore, for
each n, the family {U(n,m) : m € w} is an increasing open cover
of QNV.

It is well-known that the family VNw* is dominating in V[x] (see
[9]). Therefore to show that @ NV is not SS in V[x], we consider
a strictly increasing function g € w® from V and show there is a
T € @ such that T' ¢ U(n, g(n)) for all n. To prove this it is enough
to know that if, working in V, C is a collection of compact perfect
subsets of 2 with the property that each perfect set contains one,
then there is some C' € C such that x € C. Set C to be the
collection of all perfect subsets C of 2% with the property that if
0, Yo, L1, Y1 are distinct members of C', and £ < m are minimal such
that zo(¢) # x1(¢) and yo(m) # y1(m), then there is an n such that
¢ < g(n) < g(n+1) <m. Given such a perfect set C, Tc = {t €
2<% (Jy € O)t C y} will be a member of @, and the Sacks real x
will be in C precisely if for all m, x|m € T¢. It is routine to see
that each perfect set K contains a perfect set in C, hence there is
some such C such that x[m € T¢ for all m. The definition of C
ensures that for each n, {¢ < g(n) : {(x[¢)70, (x[¢)"1} C Te} will
have cardinality less than n + 2.

This of course completes the proof that @MV fails to have Menger
property in V[x]. O

From this result, we observe the interesting fact that there is an
SST space, namely, S = (Cp(2%, 2),7V), for which the SS property
is also destroyed by adding a Sacks real.

5. OPEN PROBLEMS

We have shown with the help of MA e or CH that, the product
of two SS spaces, even two Fréchet spaces might not be SS. So the
very natural question which was asked in [4], is,

Problem 5.1 Is it true in ZFC that product of two SS spaces is
not SS?

Also what happens when we consider SST? That is,

Problem 5.2 Suppose X and Y are two SS™ spaces. Must X xY
or XUY be SS*?
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Problem 5.3 What happens with the product if X is SS and YV
is SS*+?

We know that Cp,(w*) has a dense SS subspace, we repeat the
question from [4]:

Problem 5.4 If X is separable metric space, then must Cp,(X)
have a dense SS subspace?

And also we know that if k < 0, then 2" has a dense SS subspace,
so what happens in general?

Problem 5.5 Is there a x < ¢ such that 2% fails to have a dense
SS subspace?

Problem 5.6 Is there a ZFC example of a countable space which
is Fréchet but not SS*7?

Problem 5.7 Do any of p = ¢, Martin’s Axiom, or ZFC suffice
to produce two countable Fréchet spaces whose product is not SS?
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